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Note on the Differential Invariants of Goursat and 

Painleve. 

By B. 0. Lovett. 



In a memoir on linear homogeneous differential equations published in the 
last number of the Journal de l'Bcole Polytechnique, second series, fourth cahier, 
M. A. Boulanger constructs a class of differential invariants first studied by MM. 
Goursat and Painleve for ternary and quaternary finite linear groups. In deriv- 
ing the forms of these invariants for quaternary groups, the author makes use of 
the process of elimination employed by Sophus Lie* for the construction of differ- 
ential invariants when the finite equations of a group are given. The method 
of procedure followed by M. Boulanger leads readily to a class of differential 
invariants under the »-ary finite linear group, as in fact he himself predicted. 

Consider a finite group of linear substitutions in n non-homogeneous vari- 
ables u t and the n corresponding fundamental invariant functions 

»<=/«(%, «2, ..... u n ), i—\, 2 , n. (1) 

Let the defining equations of the group be 

«0, 1«1 + «0, 2«2 + + «0, nK + «0, » + l ' 

1 — — !,••••}%} 

which, for convenience, are written, 

«0, 1«1 «i + «0, 2«1«2 +••..+ «o, n U l»L + «0, » + l«l 

= <h, 1«1 + «1, 2«2 + • • • • + <H,nK + <h, n + 1, 

a oa u s u{ + ao, 2 Ma«2 + • •• • + «o, »«2«»+ «o, n+i^ 

= a 2 . 1 «1 + «2, 2 ™2 + • • • • + <h, n K + «2, » + l> } (3) 

«0, 1 «» «1 + «0, 2 «» «2 + • • • • + «0, »«»«» + «0, » + l «» 

= «»,l«l+«»,2«2+ ••• '+««,««»+ ««,« + !-, 

* See Lie, " Theorie der Transformationsgruppen," UnterMitwirkung von F. Engel, volume I, chap- 
ters XIII and XXV. 
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By differentiating the first equation of this system (3) successively with 
regard to x 1} x % ,...., x n , we have 



= («1, 1 — «0, 1 «l) g^T + + ( a L n— «0, n) g^ » 



o, i m{ + a 2 t4 + •••• + «o, » m^ + a 0> „ + 1 ) ^1 



(4) 



(5) 



= Ki-aci*!) |^ + • • . . + («i,„-«o,») |^ 

From this system (4) we deduce by solution that 

. D (u-i , vL , . • . . , uL) , , . , , . \ 

«i. i=«o,i«i+ jf^, ^, ,«) ^°- lM ^ + + «&»«£ + «o. n+ i), 

a l, 2 — a 0, aMj -f yj-7- -"Y-(.«0,l««lT • • • • -T<h, n u n + a 0,n + l)> 

„ — „ „ i -Q(mi, %,...., «„-n u t ) , ,. , t, \ 

a J, n — "0, »"lT 777- 771 \ a 0, 1M1T .... T«o, »M„-t-a 0) ra + 1 J, 

X/ ^t«i , x*2 1 • • • • > **n/ 

where JD(«i, t4, • • • • > m£) represents the functional determinant of v{, . . . . , u' K 
with regard to x x ,...., x n . 

Differentiating this same first equation of the system (3), first twice with 
regard to x x , and then with regard to x x and x%, and substituting the above values 
of a 1% i, a 1> a , . . . . , a li n in the results, we obtain 

»( a M, , a du' n \dih 

== a , 1 ^ + ; ...+ao,nM^ + a,, w -n(_|M li)(M{ ^ 

JJ(u lt u i} .... , u n ) ( Cx{ 



+ -J^D(u 1 ,i4 ) , u' n )+ + -^D(ui,ul, ,u, 



^— g as ^1*1, i*g, . . . . , M« n j -|- . . . . -1 - „ ^ \™\i "»)■■■■) "to— 1» Mjj k 



/„ 2«i, . „ 3<\3mi , /_ M , , 9<N3«i 

= ao,,u{+ ... . +a , n < + a , n+ i\_ &4 D{< <} 

D (Ui, v® , u n ) I oxi ox 2 

+ g— ^- D(«it Mg, ,«£) + + d x dx D ^ U ' l,U ^ > u 'n-l, Ml) J 



(6) 
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For convenience put 

(«0,1«1+ + «0.rX+«0,» + l)& 



d< s 



= («o,i^ 1 + +a °.»a^) Z) ( w i' w »' ' w ») 



Then the above equations (6) become 

3% ay ax 



2 ^+ 



3x? 3x? 
dui du[ 
dx dx t 



dx\ 
dui 
dxi 



av 

dx\ 
d< 
dx 1 



t 3% j. c 3% 
61 S^**^ 



+ 



9% 
3a; n 

3% 



3a« 



3a?„ 

ax 



Sajj 3» a dxi dx % 
dui du{ 

dxi dx x 



du' n 

• • • • *\ 

3a;„ 

as .. 

Sccx 3a; 2 

3w| 

3«i 



= 0, 



3X 
3iC! 3a; 2 

3X 



3Mj 

3x n 



dx n 



3j4 
3x„ 



• • • • 



3a; m 



= 0; 



(7) 



in the same way, by differentiating the first of equations (3) twice with regard 
to the other variables, we obtain % [n (n + 1) — 4} other equations, 

3S 3S 3V 3X 



*&+ 



dxi 
dx x 



dxi 
M 
dxi 



dui 
dxi 



dxi 

.. *< 
dx x 



du x du'x du' % du' n 

dx n dx n dx n ' " " ' dx n 



— V j • • • • • 



(8) 



and by treating the remaining equations of (3) one by one in like manner, we 
have, all told, in z (n + 1) equations from which the n functions £i, &,...., £„ 
may be eliminated. The resulting \n{n — \){n + 2) equations define as many 
differential invariants which come to light as follows. 

The functions & and £ a can be eliminated from the three equations written 

above by multiplying the first by (t^Y, the second by — f^ f^ 1 , the third 

\oxzJ axy cte 2 
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by ( ^-i j , and adding member to member. We thus have 

J9V /3mA 2 9 8«! St*! 8S , 3% /3mA 3 ) n / / , m 

1 aa? vav 3^ 3V a a^a^ + 3*4 V3*y } ^ { - Ui> u * "*> 

_du 1 /du 1 \nd*u[ dui m ^^ a<|_ 2 | ay <H4 3^4 a<n 

aa?! \3aj|y 1 I dx\ ' dx z ' dx 3 ' dx n j | dxjdx^ ' 3^ ' dx 3 ' " ' ' ' dx n \ j 

, /3thV I as <K a_w| a< 
~ t " vav |daj ' sv a^'"'"^ 



/a^Yi 



ay a^a 3^ a«^ 

Sa^ I 3a| ' dxz ' dx 3 ' " " ' dx n 



+ .... =0, (9) 



The ratios of any two of the coefficients of this equation (in which coeffi- 
cients only the derivatives of v{, ?4 , u' n enter) are not changed by a linear 

substitution. 

By forming the equations analogous to (9), we obtain the following system 
of differential invariants, omitting the factor 1/D(u[ , u' n ) and writing 

d 2 uj du' % <h4 du' n j , 

dx n dx h ' dx]' dxZ 'dx~, = \ x * x » as t> ** x *h 

namely, n (n — 1) of the form 

\XiXi, x u x jt x„\, 10) 

where 

j^fi^zi; » = 1, 2, ,n, 

and Xj, . . . . , Xp is a cyclical combination of the remaining n — 1 taken n — 2 at 
a time ; J n (n — l)(n — 2) of the form 

\x^, X it Xj, x k , ... . , x„.\, 11) 

where 

j=f=Jc^ziizfzi; i = 1 , .... , n ; j = 1 , .... , n ; 

and ccj:, x^ is a cyclical combination of the remaining; and n(n — 1) of 

the form 

{*«, Xj, Xf + i, .... ,a3i_i}— 2\xiX } , x iy x j+1 ,Xi-i\, (12) 

v — — l ? • • ♦ « , /i j ^y — - A} ••••}%• 

This system of invariants (10), (11), (12) may be regarded as an extension 
of Schwarz's invariant 

Jill /J'\% 

2? A 

r t 
to the case of n variables. 
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For n = 2, the system (10), (11), (12) gives the system set up by M. Goursat 
(Comptes Rendus, vol. 104, p. 1362), 

dv d*u du d\ i * du d*v dv d*u ^ . 

dy dy 1 dy dy % ~ ' dx dx* dx dx* ' 

du d 2 v dv d % u . „ / du d % v __ dv d % u \ „ . 

dx dy* dx dy s \ dy dx dy dy dx dy) ' 

dv d 2 u _ du d 2 v , n ( dv <Pw du d % v \ p. 

dy dx* dy dx* \ dx dx dy dx dx dy) ' 

where . du^ dv ___ 9v du 

dx dy dx dy 

For n = 3 , we have the system constructed by Painleve (Comptes Rendus, 
vol. 104, p. 1500), 

I ■'■xyi '-'x> ' y I ) I -*j/*» Uyi ' z | i | -*asB j U z i ' x \ » 

J 7 U V \ \T U V \ \T Z7 7 I 
|2L, U y , 7.|-2| 2^, U., 7,|, | T„, U„ V e \~2\T xl , U y , V x \, 

\*yy> UZI 'x\ ^li^j,, U Z , V y \, \Tyyy U Z , Vy\ 2 | ijjg, , Uy, V X \, 

\T„ t U., V,\-2\T„, U„ V y \, \T ez , U., V y \-2\T XV , U., V.\, 
where the factor 1/D(T, U, 7) has been omitted. 
Pbinceton, New Jersey, May 16, 1899. 



